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Abstract 



Semiclassical Hamiltonian field theory is investigated from the axiomatic point of view. A no- 
tion of a semiclassical state is introduced. An "elementary" semiclassical state is specified by a set 
of classical field configuration and quantum state in this external field. "Composed" semiclassical 
! states viewed as formal superpositions of "elementary" states are nontrivial only if the Maslov 
isotropic condition is satisfied; the inner product of "composed" semiclassical states is degenerate. 
The mathematical proof of Poincare invariance of semiclassical field theory is obtained for "ele- 
mentary" and "composed" semiclassical states. The notion of semiclassical field is introduced; its 
Poincare invariance is also mathematically proved. 
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1 Introduction 



Different approaches to semiclassical field theory have been developed. Most of them were based on 
the functional integral technique: physical quantities were expressed via functional integrals which were 
evaluated with the help of saddle-point or stationary-phase technique. Since energy spectrum and S- 
matrix elements can be found from the functional integral |I], 0, this approach appeared to be useful 
for the soliton quantization theory ^ |], ||. 

Another important partial case of the semiclassical field theory is the theory of quantization in a 
strong external background classical field |§ or in curved space-time 0: one decomposes the field as a 
sum of a classical c- number component and a quantum component. Then the theory is quantized. 

The one-loop approximation || |9], [II], [IT[| , the time- dependent Hartree-Fock approximation 0. [|. 
p~2| , p~3|1 and the Gaussian approximation developed in |L4], [15], [16], [T7|] may be also viewed as examples 
of applications of semiclassical conceptions. 

On the other hand, the axiomatic field theory |TB|, [B5], ^] tells us that main objects of QFT are 
states and observables. The Poincare group is represented in the Hilbert state space, so that evolution, 
boosts and other Poincare transformations are viewed as unitary operators. 

The purpose of this paper is to introduce the semiclassical analogs of such QFT notions as states, 
fields and Poincare transformations. The analogs of Wightman Poincare invariance and field axioms 
for the semiclassical field theory are to be formulated and checked. 

Unfortunately, "exact" QFT is mathematically constructed for a restricted class of models only (see, 
for example, [21, Therefore, formal approximate methods such as perturbation theory seem 



to be ways to quantize the field theory rather than to construct approximations for the exact solutions 
of QFT equations. The conception of field quantization within the perturbation framework is popular 
p5[ p6fl . One can expect that the semiclassical approximation plays an analogous role. 

To construct the semiclassical formalism based on the notion of a state, one should use the equation- 
of-motion formulation of QFT rather than the usual S'-matrix formulation. It is well-known that 
additional difficulties such as Stueckelberg divergences ]27j and problems associated with the Haag 
theorem [28L |2D[ arise in the equation-of-motion approach. There are some ways to overcome them. 
The vacuum divergences can be eliminated in the perturbation theory with the help of the Faddeev 
transformation J2JJ. Stueckelberg divergences can be treated analogously JHJ (exactly solvable models 
with Stueckelberg divergences have been suggested recently [[H], |3^[). These investigations are important 
for the semiclassical Hamiltonian field theory j33| . 

The semiclassical approaches are formally applicable to the quantum field theory models if the 
Lagrangian depends on the fields <p and the small parameter A as follows (see, for example, Q): 

c = -a^ip - — v 2 - jV(V\ip), (l.i) 

where V is an interaction potential. To illustrate the formal semiclassical ansatz for the state vector, use 
the functional Schrodinger representation (see, for example, [[L2], [13], [16], [17|)- States at fixed moment of 
time are represented as functionals ^[^(Ol depending on fields y?(x), x £ R d , the field operator <y3(x) is 
the operator of multiplication by v?( x )> while the canonically conjugated momentum 7r(x) is represented 
as a differentiation operator —id/dipi^x). The functional Schrodinger equation reads 

.dif>* 



dt 

where 

H 



m\ (i.2) 



The simplest semiclassical state corresponds to the Maslov theory of complex germ in a point |34| , |35 , 36fl . 
It depends on the small parameter A as 

^(•)] = e i^ e i/^w[,(x)^(x) ]/t ( ^ _tg\ = (Ks^fM-)], (i.3) 
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where SP, II* (x), $*(x), t G R, x e R d are smooth real functions which rapidly damp with all their 
derivatives as x — > oo, /*[</>(■)] is a ^-dependent functional. 

As A — > 0, the substitution (|1.3j) satisfies eq. (|1.2|) in the leading order in A if the following relations 
are obeyed. First, for the "action" S* one finds, 



rl^t r 1 1 m 2 

^ = 1 dx[n*(x)$'(x) - -(n*(x)) 2 - -(v$'(x)) 2 - — ($*(x)) 2 - v^x))], 

Second, II*, obeys the classical Hamiltonian system 



$* = n\ -n* 



-A + m 2 )$' + 1/'($*), 



:i-4) 



;i.5) 



Finally, the functional /* satisfies the functional Schrodinger equation with the quadratic Hamiltonian 



/'[</>(•)]■ 



1.6) 



There are more complicated semiclassical states that also approximately satisfy the functional 
Schrodinger equation (|1.2|) . These ansatzes correspond to the Maslov theory of Lagrangian manifolds 



with complex germs |34], |35], [36]]. They are discussed in section 5. 
However, the QFT divergences lead to the following difficulties. 

It is not evident how one should specify the class of possible functionals / and introduce the inner 
product on such a space via functional integral. This class was constructed in [03]| . In particular, it was 
found when the Gaussian functional 



f [(/)(■)] = const exp(- / dxdy0(x)0(y)7£(x,y)) 



;i.7) 



belongs to this class. The condition on the quadratic form 7Z which was obtained in |33| depends on $, 
n and differs from the analogous condition in the free theory. This is in agreement with the statement of 
p7| p8| that nonequivalent representations of the canonical commutation relations at different moments 
of time should be considered if QFT in the strong external field is investigated in the leading order 
in A. However, this does not lead to non-unitarity of the exact theory: the simple example has been 
presented in [[32] . 



Another problem is to formulate the semiclassical theory in terms of the axiomatic field theory. 
Section 2 deals with formulation of axioms of relativistic invariance and field for the semiclassical 
theory. Section 3 is devoted to construction of Poincare transformations. In section 4 the notion of 
semiclassical field is investigated. More complicated semiclassical states are constructed in section 5. 
Section 6 contains concluding remarks. 



2 Axioms of semiclassical field theory 



In the Wightman axiomatic approach the main object of QFT is a notion of a state space [18[ |19, f20| 
Formula (|1.3|) shows us that in the semiclassical field theory a state at fixed moment of time should 
be viewed as a set (S, n(-), $(•), /[</>(•)]) °f a rea l number S, real functions n(x), $(x), x e R d and a 
functional /[</>(•)] from some class. This class depends on n and Superposition of semiclassical states 
(Si, Hi, $i, fx) and (S 2 , n 2 , $2, fi) is of the semiclassical type (|L3| ) if and only if Si = S 2 , $1 = $2? 

n : = n 2 . 

Thus, one introduces []39], |(| the structure of a vector bundle (called as a "semiclassical bundle" 
on the set of semiclassical states of the type (p..3[). The base of the bundle being a space of 



111 



sets (S, n, $) ("extended phase space" [p9[] ) will be denoted as X. The fibers are classes of functionals 
which depend on $ and n. Making use of the result concerning the class of functionals 133] , one makes 
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the bundle trivial as follows. Consider the $, II- dependent mapping V which defines a correspondence 
between functionals / and elements of the Fock space T: 



V:*»f, * 6 f = /[</»(•)]■ 

as follows (see, for example, Let 72. (x, y) be an $, II - dependent symmetric function such that its 

imaginary part is a kernel of a positively definite operator and the condition of ref . (see eq. ( |3.41| ) 
of subsection 3.6) is satisfied. . By 72 we denote the operator with kernel 72, while T has a kernel 
i^ 1 {TZ — 72*). The vacuum vector of the Fock space corresponds to the Gaussian functional ( |1.7|) . The 
operator V is uniquely defined from the relations 

V-V(x)V = i(t-W(A+ - A-))(x), 

= i(7lf- 1 /M+ - 7e*f- 1 /M-)(x). 1 j 

Here ^4 ± (x) are creation and annihilation operators in the Fock space. 

Definition 2.1. A semiclassical state is a point on the trivial bundle X x T — > A". 

An important postulate of QFT is Poincare invariance. This means that a representation of the 
Poincare group in the state space should be specified. For each Poincare transformation of the form 

x 1 ^ = A'X + n,v = 0^l (2.2) 

which is denoted as (a, A), the unitary operator U a ,\ should be specified. The group property 

U{axM) U {o.%M) = W K,Ai)(a 2 ,A 2 ) 

with 

(ai,Ai)(a 2 ,A 2 ) = (a x + A a a 2 , A X A 2 ). 

should be satisfied. 

Formulate an analog of the Poincare invariance axiom for the semiclassical theory. Suppose that the 
Poincare transformation U^k takes any semiclassical state (X, /) to a semiclassical state (X, /) in the 
leading order in A 1 / 2 . Denote X = m^aX, / = U{u a> \X <— X)f. 

Axiom 1 (Poincare invariance) 

() the mappings u a ^ : X ^ X are specified, the group properties for them M ai ,Ai^a 2 ,A 2 = W(oi,Ai)(a a ,A 2 ) 
are satisfied; 

() for all X G X the unitary operators U a ^(u a ^X <— X) : JF — ► T , obeying the group property 

^ai,Ai(M(a 1 ,A 1 )(a 2 ,A 2 )A <— U( a2 ^ 2 )X)U a2 ^ 2 {U( a2 ^ 2 )X <— X) = ^ ^ 

t/(ai,Ai)(o2,A2)(w(ai,Ai)(a2,A 2 )^ <~ X ) 

are specified. 

An important feature of QFT is the notion of a field: it is assumed that an operator distribution 
<p(x.,t) is specified. Investigate it in the semiclassical theory. Applying the operator ip(x) to the 
semiclassical state ( |1.3D , we obtain an analogous state: 

e ^5* e i / M*(x)[ ? (x)>/A-*'(x)] /*(</?(•) ( ' 1 



where 

As A — > 0, one has 



f[0(-)] = (A- 1/2 ^(x)+0(x))f[0(-)] 
<p{x,t) = A- 1/2 $*(x) + 0(x,t :X), 



where 0(x,t : X) is a II, $- dependent operator in J 7 , $*(x) = $(x : X) is a solution to the Cauchy 
problem for eq.( |1.5|) . The field axiom can be reformulated as follows. 
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Axiom 2. For each X e X the operator distribution 0(x, t; X) : T ^ T is specified. 
An important feature of the relativistic quantum field theory is the property of Poincare invariance 
of fields. The operator distribution <p(x.,t) should obey the following property 

U aA (p(x) = <p(Ax + a)U a , A . 

Apply this identity to a semiclassical state (X, /). In leading orders in A 1//2 , one obtains: 

A- 1 /2$( x : X)(u a>A X, U aA (u aA X <- X)f) + (u aA X, U a , A (u a , A X <- X)}(x : X)/) = 
A -i/2$( Ax + a . Ma A X)( Ma , A X, C/ tt , A (v^ <~ *)/) 
+ (M aiA X, 4>(Ax + a : u^aX^a^aX <- X)/). 

Therefore, we formulate the following axiom. 

Axiom 3. (Poincare invariance of fields). The following properties are satisfied: 

$(z : X) = $(Ax + a : u a , A X); (2.4) 

0(Ax + a : u a A X)U a A (u a>A X <- X) = U aA (u a>A X <- X)0(x : X). (2.5) 



3 Semiclassical Poincare transformations 

3.1 Construction of poincare transformations in the functional represen- 
tation 

1. Let us construct the mappings u QjA and unitary opertaors U a , A (u a ,\X <— X). Since any Poincare 
transformation is a composition of time and space translations, boost and spatial rotations, 

(a, A) = (a ,0)(a,0)(0,exp(a fc Z ofe ))(0,exp(^ sm r m )) 



with 6L m = —9 



HIS 1 



= -g* a 5$ + <r 8%, 

it is sufficient to specify operators U a , A for these special cases and then apply a group property. 
In the "exact" theory, the operator U a>A has the form 

W a , A = exp[zP°a°] exp[-iV j a j ] exp[ia k M ok ] exp[^-M lm 6 lm ]. (3.1) 



The momentum and angular momentum operators entering to formula ( |3.1| ) have the well-known form 
(see, for example, |2"5fl ) 



V = J dxT"°(x), M^ x = J dx[x"T A0 (x) - x A T"°(x)], (3.2) 

where formally 



We are going to apply the operator to the semiclassical state (|1.3|). Note that the operators 
and Ai^ u ( |3.2| ) depend on field (p and momentum tt semiclassically, 
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It is convenient to consider the more general problem (cf. |~5]]).Let us find as A — * the state 

exp(-iA)K s o in o^of , (3.3) 

where Kg n <s> has the form (fL 



A= ~A(V^(-),VA0(O). 
A 

Note that the state functional ( |3.3| ) may be viewed as a solution to the Cauchy problem of the form 



at r = 1. Let us look for the asymptotic solution to eq.( p.4[) in the following form: 

*>0] = (i^^r)b(-)]. (3.5) 



(3.6) 



Substitution of functional (|3.5| ) to eq . (|3"4| ) gives us the following relation: 

[-\(S? - / drfT(x)^(x)) - ^ /dx(IT(x)0(x) + $ r (x)^) + i£]rfe(0] = 
iA(IT(.) - zv/A^y, <T(-) + VA0(-))r [#■)]■ 

Considering the terms of the orders 0(A _1 ), 0(A -1 / 2 ) and 0(1) in eq.(|3.6|), we obtain 

S T = J dx(IT (x)^(x) - A(W(-), $-(•)), (3.7) 

$ w _ in(x) ' ( j ~ 5$(x) ' 



<5M 1 <5 , liu <5 2 A 



11 6 g 2 A 1 <5 I 

2 i <5</>(x) <5n(x)OT(y) i 6<f>(y) ' 



(3.9) 



n^ »(x )m (y) i%) + ^W ^x^y^ y)] + ^ij r[0(-)]- 

Here A\ is a c-number quantity which depends on the ordering of the operators (p and n and is relevant 
to the renormalization problem. 

We see that for the cases A = -V°a°, A = V j a j , A = -a k M ok , A = \6 sm M sm the mapping u a , A 



takes the initial condition for the system ( |3.7| ), (3*11) to the solution of the Cauchy problem for this 



system at r = 1. The operators U a ,A transforms the initial condition for eq. (|3.9| ) to the solution at 
t = 1. 

2. The classical mappings u a ^ for our partial cases are presented in table 1. 

One can write down the following general formula. Let (a, A)be an arbitrary Poincare transfor- 
mation. It happens that the mapping u a ,A : (S, IT, $) i— ► (S, IT, $) has the following form. Let 
<&(x, t) = $(x) be a solution of the Cauchy problem 



<9^$(x) + m 2 $(x) + V'($(x)) = 0, 
$(x,0) = $(x), |$(x,t)| t=0 = n(x). 



(3.10) 



Denote 

It appears that 



<$>(x) = $(A _1 (x-a)). 

4>(x) = $(x,0), IT(x) = |$(x,t)| t=0 , 
S = S + J dx[d(x°)e(-(Ax + a) ) - 9(-x°)9((Ax + a) )] (3.11) 
x[\d^{x)d^{x) - ^$ 2 (x) - V(<S>(x)). 
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Table 1: Poincare transformations in classical theory 



Element of Poincare 
group (a T ,A T ) 


Classical Poincare transformation 


Classical Lie derivative 
5F(S,Tl,®) = ^-\ T=0 F(S T ,W,^) 


a T = 0, 

A r = exp^l sm 9 sm ); 
spatial rotation 


$-(x) = $ (e-5' sm ^x); 
IT(x) = n (e-^ me -x); 

S T = s° 


1 a rim 

\e lm j d*({x l d m - x ^)$(x)^ 
+(^ m -^)n(x)^) 


a° T = 0, A T = 1, 
a r = br; 

spatial translation 


$-(x) = $°(x-br); 
IT(x) = n°(x-br); 

S T = s°. 


-^/dx(9 fc $(x)^ + ^(x)^) 


a = — r, a = 0; 
A = 1; 
evolution 


Resolving operator for the Cauchy 
problem: 

$ r = n r ; 

TT' r — ( A _i_ m 2 "\(T) r j_ T/V(f> T V 
— 11 — ^ — ZA -+- /7i JM/ -+- V ^Sf J, 

s r = /dx[rr$ r - §(rr) 2 - 

I( V $-) 2 -^($-) 2 -\/($-)]. 


-<*h = 

/rfx[n(x)4^-(-A$(x) 
+m 2 $(x) + \/ / ($(x)))^ y ]- 
jrfx[±n 2 (x)-|(V$(x)) 2 
-f$ 2 (x)-V($(x))]|, 


a T = 0; 

A T = exp[-Tn k l ok ]; 
boost 


Resolving operator tor the Cauchy 
problem 

$ T = n k x k U T , 
-IF = -Vx fc n fc V$ r 
+x fc n*(m 2 $ T + V r/ ($ T )), 
S T = j dK[Ti T § T - x k n k [\(Yl T ) 2 + 
I(V<r) 2 + ^($-) 2 + \/($-)]. 


-n m 5% = 
n m /rfx[x m n(x)^ - (-c^™c^(x) 
+x m m 2 $(x) +x m \/'($(x)))^] + 
n m /rfxx m [|n 2 (x) - ±(W(x)) 2 - 
^$ 2 (x)-\/($(x))]^. 
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Table 2: Semiclassical Poincare transformations in functional representation 



Element of Poincare 
group (a T ,A T ) 


Semiclassical operator U aT ^\ T (u aT) \ T X <— X) : fo ft in the functional repre- 
sentation takes the initial condition for the Cauchy problem to the solution of 
the Cauchy problem for the equation: 


a T = 0, 

A r = ex P (^l sm 9 sm ); 
spatial rotation 


*/ T [<K-)] = -\e sm M sm (x T )fM-)}; 

M sm = -fdxi(x s d m -x m d s )<j ) (x)} 1 - 1 ^_. 


a = A =1 
a T = br; 

spatial translation 


jfT\A(\] - h k P k (X )f \(h(-)]- 


(7° — — r a — O 
A = l; 
evolution 


if T \6(-)} = H(X )f \6(-)V 
H = Id* + lW) a (*) + f ^ + ^"($(x))0 2 (x).] 


a T = 0; 

A T = exp[— Tn k l ok }; 
boost 


if T \6(-)} = n m B m (X T )fJ6(-)h 



For spatial translations, rotations and evolution, agreement between (|3.11|) and table 1 is evident. 
Consider the x 1 -boost case, n k = (1,0, ...,0). One has 



$ T (x) = coshr + x°sinhr, x 2 , x d , x° coshr + x l sinhr)|,j.o = o, 
T (x) = T^^a; 1 coshr + x° sinh r, x 2 , x d , x° cosh r + x 1 sinhr)| x .o =0 , 



The functions $ r , I1 T obey the system presented in table 1. For the integral for S, consider the 
substitution x° = y l sinhf, x 1 = y 1 coshr, x 2 = y 2 ,..., x d = y . One finds 

~ C T 1 ~ 1 ~ TO 2 ~ ~ 

ST = S + l dfy l dj[-{U T {j)f - -(V$ r (y)) 2 - — $ 2 (y) - V(*r(y))] 

this agrees with table 1. 

One can also notice that the group property for eq. ( p.ll|) is satisfied. 
Let us make more precise the definition of the space X. 

Definition 3.1. X is a space of sets (S, IT, $) of a number S and functions II, $ G S'(R a! ) such that 
there exists a unique solution of the Cauchy problem l \3. such that the functions $(Ax + a)| x o =0 and 
d^(Ax + a)| x o =0 are of the class S(R d ) for all a. A. 

We see that the transformation u a ,\ '■ X — > X is defined. 

3. The operators U a ,k{u a ^X <— X) are presented in table 2. 

However, it is not easy to check the group property (|2.3| ). It is much more convenient to investigate 
the infinitesimal Poincare transformations and check the algebraic analog of ( |2.3| ). 

It happens that operators U a ,\(u a: \X <— X) induce a Poincare group representation in a specific 

space. It is a space of sections f(x; </>(■)) of the semiclassical bundle. The operators U a ,h act as 

(U aA f)(X) = U aA (X <- u-XX)f(u-\X). (3.12) 

The group property for the operators U is equivalent to relation (|2.3|). Let (a tau , A T ) be a one-parametric 
subgroup of the Poincare group with the tangent vector A being an element of the Poincare algebra. 
Since the operator U aT ,\ T {u aT ^\ T X <— X) takes the initial condition for the cauchy problem for equation 

if T = H(A : U aT A T X)f T 



s 



to the solution of this equation, therefore, the generator of representation ( |3.12|) is 

d 

dr 



(H(A)f)(X) = i±\ T=Q (U^U){X) = [H(A : X) - i5[A]]f(X), 



where 

S[A] = ^\ T=0 f(u aT , AT X) 

is a Lie derivative presented in table 1. Therefore, the infinitesimal analog of the group property 
is 

[H{A 1 : X) - z<J[Ai]; H{A 2 : X) - i5L4 2 ]] = i(# A 2 ] : X) - z5[A x ; A 2 }). (3.13) 

It follows from notations of tables 1 and 2 that relation ( |3.13|) can be rewritten for the Poincare algebra 

as 

[P ,P } = 0; [M ,P ]=i(cTP -g X °P ) 
[M Afl , M pa ] = -iig^M^ - # w M Aa + g po M xp - g x<T M» p ). (3.14) 

for operators 

ms _ ^Tt_ ^, _ fcO _ 

M =M ms + z5™ s , P =P m + i5p, P =H + i5 H , M =B k + i5 k B 



It is checked by direct calculations that eqs.( |3.14"D are formally staisfied. However, there is a problem 



of divergences and renormalization which requires more careful investigations. 
3.2 Semiclassical Poincare transformations in Fock space 

For renormalization, let us construct the semiclassical Poincare transformations in the Fock space. They 
are related with the constructed operators U a ^{u at kX <— X) by the relation: 

^,aKaX <- X) = V UaA xU ajA (u a>A X <- X)V X \ (3.15) 

The operator V taking the Fock space vector \& £ T to the functional /[</>(•)] is defined from the relation 

V : |0 >^ cexp[^ | dxdyft(x, y)0(x)0(y)] (3.16) 



and from formulas (12.11) which can be rewritten as 



(3.17) 



|c| can be formally found from the normalization condition 

\c\ 2 J L>0|exp[| J dxdy0(x)^(x,y)0(y)]| 2 = 1 (3.18) 

The argument can be chosen to be arbitrary, for example, 

Argc = 0. (3.19) 



Notice that the operator V is defined form the relations ( |3.16|) - Q3.19Q uniquely. 



Namely, any element of the Fock space can be presented [[42] via its components, vacuum state an 
creation operators as 

00 I r 

V = J2-r=; efaci...dx n tf n (xi, ...,x n )A + ( Xl )...A + (x n )|0 > 
\/n\ J 
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Specify 

00 1 r 

V® = T,-r=f d Xl ...dxA( Xl , ...,x n )A + (x 1 )...A + (x n )V\0 > . 
n \/n\ J 



The problem of divergence of the series is related with the problem of correctness of the functional 
Schrodinger representation. It is not investigated here. 

Since the operators ^4. ± (x) satisfy usual canonical commutation relations and .A _ (x)|0 >= 0, we 
obtain VA ± (x) =A ± (x)V. 

The operator V depend on TZ. It is useful to find an explicit form of the operator V~ 1 5V. 

It happens that the following property is satisfied: 

V-W = -iA+f- 1 / 2 5tif- 1 / 2 A+ - t 1 A-t- l l 2 5K*t- l l 2 A- + 
A+tf^tff-i/a + if- 1 / 2 STL* f- 1 / 2 } A- + {Tr[b(TZ + K^f- 1 ] [ } 

The notations of the type A + BA~ are used for the operators like J <ix<iyA + (x)i3(x, y)A~(y), where 
£>(x, y) is a kernel of the operator £>. 

To check formula ( |3.20| ), consider the variation of the formula Q2.1| ) if TZ is varied: 

[A^^V-HV] = (f 1 / 2 5f- 1 / 2 A ± )(x) 
-i(f- 1 / 2 ^f- 1 / 2 A+)(x) + z(f- 1 / 2 57t*f- 1 / 2 A-)(x). 

Therefore, formula ( 3.20| ) is correct up to an additive constant. To find it, note that 

8V\U >= [^J dxdy<f>(x)8U(pc,y)(f>(y) + 8lnc]V |0 > . 

This relation and formula ( |2.1| ) imply 

< 0|y~ W|0 >= ^Tr^f- 1 ) + bine. 

It follows from the normalization conditions ( j3.18|) and ( |3.19 ) that c = (detY) 1 ^. Therefore, bine = 
\TrSlf- 1 . Thus, < 0|y~W|0 >= {Trb{K + K*)Y-\ Formula (|3~20D is checked. 

It follows from formula (|3.15| ) that the generators H(A : X) in the Fock representation are related 
with H(A : X) by the following relation: 

H(A : X) = H(A : X) - ib[A] = V X \H[A : X] - i8[A])V x . 

We see that commutation relations (|3.13|) are invariant under change of representation. 

An explicit form of operators H(A : X) will be simplified if we consider the case when the quadratic 
form TZ is invariant under spatial translations and rotations: 

£(x, y : u {aL<L) X) = T^L^x - a), L^y - a) : X). (3.21) 

This property implies that 

[d k ,K} = b k K; [d k ; f 1 / 2 ] = b k P Y 1 ' 2 - 
[(x k d l -x l d k );TZ] = 5%K; [(x^ - x l d k ); Y 1 ' 2 } = b^Y 1 ' 2 . (3.22) 
The generators H(A : X) are presented in table 3. 

We see that renormalization is necessary since the evolution and boost generators contain divergent 
terms \TrY and ^Trx k Y which are to be changed by finite renormalizaed terms \TrpY and \Tr p x k Y. 

Let us check the commutation relations between H(A : X). Since the divergences arise in terms B k 
and H only, so that we suppose them to be arbitrary and then find the conditions that provide Poincare 
invariance. 
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Table 3: Semiclassical Poincare transformations in Fock representation 



Element of Poincare 
group (a T ,A T ) 


Semiclassical operator U aT ,A T (u aT ,A T X <— X) : l—> in the Fock represen- 
tation takes the initial condition for the Cauchy problem to the solution of the 
Cauchy problem for the equation: 


a T = 0, 

A r = exp^l sm 9 sm ); 
spatial rotation 


w T = -\e sm M sm -* T - 

M ki = _iA+( x k di - x l d k )A~ 


a° T = 0, A T = 1, 
a r = br; 

spatial translation 


p k = -iA + d k A 


a = — r, a = 0; 
A = l; 
evolution 


iW = H(X T )ty T ; 

H{X) = \A-n—{X)A- + A+(Cj + H(X))A- + \A+H ++ {X)A+ + H; 
n ++ (x) = t-w^hK -nn- (-A + m 2 + \/"($(x))]f- 1 / 2 ; 
H—{X) = (H ++ ) + ; 

H(x) = f-^inn* + (-a + m 2 + v"(<s>(x)) - \5 H {ii + n*) 

+ f[^f 1 /2 ; fV2])f-l/2_^ ; 

Cj = ^/—A + m 2 ; 
formally H = H reg + \Trt\ 
n reg — —^lr[n^ + fi \. 


a T = 0; 

A r = exp[-rn k l ok ]; 
boost 


i& = n m B m (X T )^ T ; 

B k {X) = \A-B k —{X)A- + + S fe (X))A- + \A+B k++ {X)A + + i**; 
i3 fc ++(X) = f-VapBft _ ftaM - (-9^*^ + x fc m 2 + x fe \/"($(x)))]f- 1 / 2 ; 

gfe = f- l l 2 \1Zx k n* + (-diX k di + x fe m 2 + x fe y"($(x))) - ±<S&(£ + K*)+ 

i[^fV2,fV2]]f-V2_ Lfe . 

L fc = ±cj _1/2 [cj:r fc cj + (-diX k di + x fc m 2 )]a>" 1/2 ; 
formally £^ = B* rcfl + ±Trx fc f ; 
W reg = -{Tr[B k++ + B k -}. 
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Let 



H k = ^A + H£ + A + + A + H + -A- + ^A-H—A- + H k + i5 k 



be arbitrary quadratic Hamiltonians. Then the property [Hi, H 2 ] = iH 3 under condition [i8i, i5 2 ] = i 2 S 3 
means that 



n+ + = -i[Ht~ni + + ni + (ni~y - nt + (nt~y - Ht~nt + ] + wi + - s 2 nf 
nt = -i{Ht + {nt + y - nt + {Ht + y + (n+-)}} + s x nt - s 2 nt 
tt 3 = - l -Tr[nt + (ni + y - ni + (H+ + y} + sjr 2 - sjh. 



Relations ( g^p , ( tHl , ( ^25|) are treated in sense of bilinear forms on D(T). 
Consider now the commutation relations. 
1. The relations 

[P k , P l \ = 0, [M lm , P s ] = i(g ms P l - g ls P m ] 
are satisfied automatically since 



[d k , d l ] = 0, -[x l d m - x m d h d s ] = g m % - g ls d m . 



2. The relation 



is also satisfied. 

3. For the relation 



[M Zm , M rs ] = -i(g ir M ms - g mr M is + g ms M ir - g ls M 



lr -\ifvas „mr Twirls , „ms i^flr Is i/mr'i 



[P k , P°] = 



eqs ( |3~23D - ( ^25j) takes the form 

5 k P H ++ -[d k ;H- 

4. For the relation 



0, 5 k pH + ~ - [d k ;W 



S k P H = 0. 



[M kl , P°] = 0, 



eqs. (|3.23|) - fl3.25|) are written as 

S k ^n ++ -[x k d l -x l d k ;'H- 

5. Consider the relation 



0; 6%H + ~ - [x k d l -x l d k ;H 



la . u+- 



0; 



5mH = 0. 



[M*°, P s ] = -ig ks P u . 



ks fjO 



We write eqs. (^23Q - (ggg) as follows 



[d s ,B k++ ] - 5 s P B k++ = -g ks H ++ 



[d s ,B k+ -]- 5 s P B k 
S s p W = g ks H. 



g ks W 



6. The commutation relation 



\M lm , M k0 ] = -i(g lk M m[) - g mk M m ) 



Ik T^jmO „"mk ?M~iO\ 



is equivalent to 



[x l d m - x m du B k++ ] - 5 l A ^B k++ = g lk B m++ - g mk B u 



(3.23) 
(3.24) 
(3.25) 



(3.26) 
(3.27) 



(3.28) 
(3.29) 



(3.30) 
(3.31) 
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[x l d m - x m du B k+ -} - 5 l {?B k+ - = g lk B m+ - - g mk B l+ ~, 
-S^W = g lk B^ - g mk ~W. 
7. The most nontrivial commutation relations are 

[M k0 ; P°] = iP k , [M k0 ; M 10 } = -iM kl 

They can be rewritten as follows: 

o = -i{B k+ -n ++ + H ++ (B k+ -y - B k++ (n + -y - n + -{B k++ )} + d k B n ++ - s H B k+ ^ 

-id k = -i{H ++ B k++ - B k++ (H ++ )* + [B k+ ~;H + -]} + 6 k B H + ~ - 5 H B k+ ~; 



(3.32) 
(3.33) 







■-Tr[H ++ (B k++ Y - B k++ (H A 



6 k B H - 5 H B k 



and 



= -i{B k+ -B l++ + B l++ (B k+ -)* - B k++ (B l+ -y - B l+ -{B k++ )} + 5 k B B l+ + - 5 l B B k++ ; 
i{x k di - x l d k ) = -i{B l++ B k++ - B k++ {B l++ y + [B k+ -; B l+ -}} + 5 k B B l+ ~ - 5 l B B k+ ~; 



= — Tr[B l++ (B k++ )* - B k++ (B l++ )*} + S k B B l - 5 l B B k . 



(3.34) 
(3.35) 

(3.36) 
(3.37) 



3. Properties ( p.26|) , (|3.28| ), (|3.30|) , ( |3.32j ) are obvious corollaries of relations ( |3.22|) . Properties 
( 3.34 ) and Q3.36| ) are checked by nontrivial but also direct computations. 

Properties ( |3.27|) , ( p.29|) , ( |3.31| ), ( |3.33|) , ( |3.35|) , ( |3.37|) will be satisfied if the renormalized trace 
satisifies the following properties: 



6ETr R £ = 0; 



5™Tr R T = 0; 



5fTr R x k T = -5 kl Tr R T; 5^Tr R x k T = 5 kl Tr R x m T - 5 mk Tr R x l T; 
Tr[x l (8ft - Ax k f - fx k A) - x k (8ff - Ax l f - fx 1 A)} + 5fTr R x k V - 5^Tr R x l V = 0; 
Tr[x\5 H T -AT- TA) - (6ft - Ax l t - fx 1 A)] + 6? Tr R f - 5 H Tr R x l T = 0, 

where A = l(K + K*). 

Thus, algebraic commutation relations are checked. 



(3.38) 



3.3 Conditions of integrability 

The problem of reconstructing a representation of a local Lie group from a representation of a Lie 
algebra ("integrability problem") is mathematically nontrivial. Different conditions of integrability 
were presented in g|, [K| g7[. 

The problem of reconstructing the operators U g (u g X X) and checking the group property was 
discussed in details in pEgfl . It has been shown that the operators U g {u g X <— X) are correctly defined 



under the following sufficient conditions. 

Let h(a) be an arbitrary smooth curve on the Poincare group. 
PI, For self-adjoint operators 

A k = L k , A d+k = -id k , A 2d +kd+i = -i{x k di - x l d k ), A 2d+dP+1 = u 

there exists such a positively definite operator T that 

1. WT-^AjT- 1 / 2 ]] < oo, WAjT^W < oo. 

2. for allti there exists such a constant C that \ \T 1/2 e iA ^T- 1/2 \ \ < C, HTe^'T^H <C,te 

P2. The a-dependent operator functions TB k++ (u h ( a )X) and TH ++ (uh( a )X) are continuous in the 
Hilbert- Schmidt topology \ \ ■ || 2 . 
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P3. The a -dependent operator functions B k++ (uh( a ^X) and 7i ++ (uf l ^X) are continuously differen- 
tiate with respect to a in the Hilbert- Schmidt topology. 

P4. The a-dependent 

operator functions B k (u h(a) X), H{u h{a) X), TB k (u h(a) X)T~ l , T x l 2 B k {u h{ci) X)T~ x l 2 , TH(u h{ct) X)T- 1 , 
T l l 2 1-L{uh(a)X)T~ l I 2 are strongly continuous. 

P5. The a-dependent operator functions T^^Hiu^X)^ 1 / 2 , T~ 1 / 2 B k (u h(a) X)T' 1 / 2 , 
7i(-u/ l ( Q .)X)T~ 1 ; B k {uh(a)X)T~ l are continuously differentiate with respect to a in the operator norm 
|| • || topology. 

P6. The functions H{uh(a)X) and B k {uh( a )X) are continuous. 
The property P6 can be substituted by the following property. 

P6'. (a) The operators B k++ and H ++ are of the trace class and TrB k++ (uh( a )X) and 
TrH, ++ (uh(a)X) are continuous functions of a. 

(b) The functions TrpT{uh(oi)X) and Tr R x k Y(u h ^X) are continuous. 
Let us first justify property PI. 
Let 

K = ^(x 2 + l)- 1 ^ 4 . 

This is a bounded self-adjoint positively definite operator without zero eigenvalues. Therefore, K^ 1 = 
T 1 / 2 is a (non-bounded) self-adjoint operator and 



T = ^ 4 (x 2 + l)^/ 2 (x 2 + l)u> 



1/4. 



T > c > for some c. 

The first part of property PI is justified as follows. One should check that the following norms are 
finite: 

HcD-V^x 2 + ly'co'^idx^' 1 / 4 ^ 2 + i)- 1 ^- 1 / 4 !!; 
Hw-V^x 2 + l^u-Wfox 8 - fc a a^>- 1 / 4 (x 2 + l)- 1 ^ 1 / 4 !!; 
Hw-V^x 2 + ly'u-^tiu- 1 / 4 ^ 2 + l)-^- 1/4 ||; 

||o«D-V4( x 2 + l)-l£-l/4£-l/4( x 2 + 1)-1^-V4||. 
((^^-^(x 2 + l)-lo;-V4^-l/4( x 2 + 1)-1^-1/4||. 

- W>-V4(x 2 + l)-ia,-V^-i/4( x 2 + i)-i^-i/4||. 
ll&arVV + ^-^-^-^(x 2 + l)- 1 ^- 1 / 4 !!, 

where /c J = —id/dx j . 

To check this statement, it is sufficient to notice that lemma A. 29 of Appendix A implies that the 
operators 

[^ a ;(x 2 + l)- 1 ]; [o^a^ + l)" 1 ]; [u a ; x l x s (x 2 + l)" 1 ] (3.39) 

are bounded if a < 1. 

To prove the second part of PI, represent it in the following form: 



\giAjt 



TVV^'T- 1 / 2 !! = \\T- /2 (t)T-^ 2 \\ < C; WTj^T- 1 ]] < C. (3.40) 



It is necessary to investigate the Poincare transformation properties of the operators & and k J ' . 
Notice that the following relations are satisfied: 



J. 



e iut S i e -wt = x l + k l Cj~H, e ^t k l e -iM = ^ 
n ik s a s £.1 n —ik a a a £.1 \ „l. „ik s a s 1.1 ^—ik s a s 1.1. 



^hn> (X ^ ^k d j * ^ J^j c3 ^ ^ J^j 

e ^e ma (x m k s -x s k m )^i e ~^e ms (x m k s -x s k m ) _ ( e -T6-\i. 
e iLlr k l e~ iLlr — k l , l>2; e iL ^ T k x e~ iL ^ T = k 1 cosh r - Co sinh r. 
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The operators X (r) = e T x e T have the following Weyl symbols: 

v i i Ya a , ^sinhrx 1 

A = — — — - X , A = X + 



cuk coshr — A; 1 sinh r ' c^kcoshr — k 1 sinhr 

To check the properties, it is sufficient to show that they are satisfied at r = and show that the 
derivatives of left-hand and right-hand sides of these relations coincide. 

Making use of commutation relations [x s , f(k)] = igus(k) and boundedness of the operators ( |3.39|) , 



we find that operators (|3.40|) are bounded uniformly with respect to t G [0, ti]. property PI is checked. 
3.4 Choice of the operator TZ 

Let us choose operator TZ in order to satisfy properties P1-P5, P7. We will use the notions of Appendix 
A (subsection A. 5). First, we construct such an asymptotic expansion of a Weyl symbol TZ N that for 
TZ = TZ N 

deg[5 l B ]Z -TZ*x l *TZ- x\u 2 k + V"($(x)))] > max{d/2, d - 1}; , . 

deg[5„K - TZ * TZ - {u 2 k + V"($(x)))] > max{d/2, d - 1}. ^ ' 

Next, we will construct another asymptotic expansion of a Weyl symbol TZ which obeys the condition 
ImTZ > and approximately equals to TZ N at large \k\, so that eqs.( |3.4lD are satisfied. 
This will imply that properties P2-P5, P6' are satisfied. 

Let us define the expansions TZ N with the help of the following recursive relations. Set 

TZ = iu k ; 

S n = -5 H TZ n +]Z n *lZ n +cu 2 k + V"{<$> (x)); (3.42) 

TZ.n+1 — 'R-n + ot^^-n- 

Lemma 3.1. The following relation is satisfied: 

degS_ n = n. 



Proof. For n = 0, Sq = V"(<I>(x)), so that statement of lemma is satisfied. Suppose that statement 
of lemma is justified for n < N. Check it for n = N . One has 



S.N — S-N-l + Sat * ~ S-N-l 
\2u k 



2u; 



-5 JV _ 1 * TZ 



2u)i 



Since 



and 



deg 



2ui 



2u, 



S-n-i ) * ( 2^~— N ~ 1 



> degSjf.i + 1 = N 



2uo, 



S N - S N _ X + TZ N * (a^Stf-i) + (^Sjv-i) * TZ 



up to terms of the degree N, one finds 

Lemma 3.1 is proved. 
Denote 



degS_ N = N. 



X} n = -8 l B TZ n + K n *x l *TZ n + x\u 2 k + V" {${*))). 
Lemma 3.2. The following property is obeyed: 

S l B S n - 8 H x! n = -2^ n *K n -Kn*2^ n + S n *x l *TZ n + TZ n *x l *S r 



(3.43) 
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Proof. Denote 

El n = 5 l B S n - 5 H x! n +x! n *K n + K n *x! n -S n *x l *K n -K n *x l *S n . 

One has 

F l n = (5 l B - x l 5 H )V" -($(x)) + [5 H - 5 B }K n - [x l (u 2 k + 
V»{* (x)) - {ul + V"($(x)) * ^ * TZ n + S« * [^2 + V"(S(x)) - * ("2 + V"(<&(x))] 

It follows from the definition of the Weyl symbol that 



One also has 
Thus, 



x l *f(x, k) = (x l + ^— l )f(x,k) 



{6 l B -x l 6 H )V"(${x)) = 0. 



on 

El n = [S H ; 8 l B ]K n + ik l *K n -K n *ik l = -^- 5 l P ]Z n . 



However, the property 

which means that eq. (|3.21| ) is satisfied is checked by induction. Lemma 3.2 is proved. 
Lemma 3.3. The following properties are satisfied: 

1. degX] n = n. 

2. deg{X} n -x l S n ) >n + l. 

Proof. It follows from the results of Appendix A that X} n is an asymptotic expansion of a Weyl 
symbol. Let degX] n = a. 



Suppose that a < n. Then the left-hand side of eqs. (|3.43| ) is of the degree a, the degree of the right- 



hand side of eq.( p.43| ) is greater than or equal to a — 1. In the leading order in l/\k\ the right-hand 



side has the form one has (—2iuj k 2^ n ) and its degree should be greater than or equal to a . Therefore, 
degX l n > a + 1. We obtain a contradiction. 

Suppose a > n. Then the left-hand side of eq. (|3.43| ) is of the degree n, the right-hand side in the 
leading order in l/\k\ has the form 2iui k x l S_ n . so that degS_ n should obey the inequality degS_ n > n+ 1. 
We also obtain a contradiction. 

Thus, a = n. In the leading order in l/\k\ one has 



~ -2iu k (2C! n - x l S n! 



up to terms of the degree n, so that deg(Xj n — x l S n ) > n + 1. Lemma 3.3 is proved. 
We see that for N > max{d/2, d — 1} the properties (|3.41|) are satisfied. 

Lemma 3.4. LetvS^ andVS 1 ^ be asymptotic expansions of Weyl symbols, deglZS 1 ' = deg]Z^ = — 1 
and deg{TZ w - TZ {2) ) = N + 1. Then 

deg(X^ 1 - XP 1 ) = N 

and 

deg(S_W - S®) = N. 

Proof. Denote TZ {1) - ]Z {2) = D. Then 

_ xj2)i = _ 6 i B jj + * x l *D + D*x l * K {1) +D*D*x l *D. 
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We see that deg{X} r>l — X^ 1 ) = N. The second statement is checked analogously. Lemma 3.4 is proved. 

Let us construct such an asymptotic expansion TZ that deg(7Z — TZ N ) = N + 1 and ImTZ > 0. We 
will look for TZ as follows (cf. [j36[l ), 

TZ = A + iu>k * exp B * uu^ 4 * exp B * cu 1 / 4 , 

where A and B are real asymptotic expansions. Then 

r^! = ^ /4 *ex Pi g*^ /4 ; 



r- l ^ = u- 1/4 *exv(-B)*u; 1/4 



* exp{— L5) * UJi 



are also asymptotic expansions of Weyl symbols. Choose A and B_ to be polynomials, 

— . ,2s — Z-^i , ,2s 



8=1 8=1 ^k 



where Si = [N/2], S 2 = [ 



N+l] 
2 



Lemma 3.5. There exists unique functions A\, A Sl , B\, B S2 such that deg(JZ—TZ N ) = N+l. 
Proof. It follows from recursive relations ( |3.42| ) that 

D„'T> — V^oo ^4-iV,s( x ,k/a; k ) 

nerc N — z^ s =i u& , 

imrc N — u k + i^s=i • 



k 



Therefore, A s = An >s , so that A is uniquely defined. Denote 

= E,(x,k/o; k ) 

Show that B_s_ is uniquely defined. In the leading order in l/|k|, one has 

ImTZ ~ c<j k + 2BjUk, 

so that Bi = Suppose that one can choose B%, £> s _i in such a way that the degree of the 

asymptotic expansion of a Weyl symbol 

F N>S = ImR N - co" 1 / 4 * exp(Si + ... + B s -i ) * uj 1 / 2 * exp(Bj_ + ... + B s ^i ) * u\[ A 

satisfies the inequality 

degF_ N s > 2s — 1. 
Choose B_s_ in such a way that degF_ N s > 2s — 1. One has 

li=0 '1 ! l 2 =0 *2l 



Up to terms of the degree 2s + 1, one has 

...+, 
— h 

Hn, s ~ 2B s uj] l . 



TP T -r, 1/4 /v-oo (Bl+-+B s _i) ! l <o \ 1/2 /^oo (Si+...+B s _!) ! 2 1/4 

Ztv,s+i - im£w - ^ k * (£/?=o h i + 3s) * ^k * (£z 2 =o b i + #J * ^k 



S 1I1CG 

„ 1 ^F^(x,k/cu u ) 

£-N,s — , ,2s_l 



^k 2=0 ^ 
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one finds that 

1 



Zu} k 

is uniquely denned. Lemma 3.5 is proved. 

Thus, we have constructed the operator 1Z such that properties ( |3.41| ) are satisfied. We obtain the 
following theorem. 



Theorem 3.6. Properties ( \3.21\ ), P2-P5, P6'(a) are satisfied. 

This theorem is a direct corollary of the results of Appendix A. Property PI is satisfied because of 
construction of the operator 1Z. Properties P2-P5, P6'(a) are corollaries of Theorems A. 31, A. 32, A. 33, 
properties ( |3.41| ) and lemmas A. 8, A. 9, A. 19. 

3.5 Regular izat ion and renormalization of a trace 

The purpose of this subsection is to specify functionals Tr R T and Tr R x k Y of arguments $, II in order 
to satisfy properties P6'(b), ( |3.38|) . We want the renormalized trace to satisfy properties like these: 



(i) Tr R A = TrA if A is of the trace class; 

(ii) Tr R (A + XB) = Tr R A + XTr R B; 

(iii) Tr R [A;B)=0; 

(iv) Tr R A n -> if A n -> 

for such class of operators that is as wide as possible. Under these conditions, properties P6'(b) and 
( |3.38| ) are satisfied. However, one cannot specify such a renormalized trace. Namely, one should have 

Tr*[%VV(%(x))]=0, (3.44) 

where / G 5(R ). W(A) is a Weyl quantization of the function A (see appendix A). Property ( |3.44j ) 
means that 

Therefore, 

SijTmWi^) - lTr R W(^f(x)) = 0. (3.45) 



Choose I = al. Consider i = j in eq. fl3.45p and perform the summation over i. Making use of the relation 

u 2 . — kiki = m 2 , we find 

Tr R W(m 2 ^ d - 2 f(x)) = 0. 

However, the operator with Weyl symbol m 2 f (x.)uj^ d ~ 2 is of the trace class. Its trace is nonzero, provided 
that Jalxf(x) ^ 0. 

However, we can introduce a notion of a trace for asymptotic expansions of Weyl symbols. The trace 
will be specified not only by operator but also by its asymptotic expansion which is not unique (see 
remark after definition A. 6). 

Let A = (A, A) be asymptotic expansion of a Weyl symbol. Suppose that the coefficients A\ of the 
formal asymptotic expansion 

00 

A = J2^ a ' l M^ V^k) 

1=0 

are polynomial in k/c^k- One formally has 

TrnA = E / ^-4r4(x, kM) + / S^(x, k) - £ -L^(x, k/tl *)). (3.46) 

i= Q J i /7r J ^k J y^ 71 ) 1=0 w k 



18 



For a + lo + 1 > d, the last integral in the right-hand side of eq. (|3.46|) converges. To specify trace, it is 
sufficient then to specify values of integrals 

I'".,,, = I ^3 (3.47) 

for s < d which are divergent. We will define the quantities ( |3.47| ), making use of the following 
argumentation. 

1. We are going to specify to specify trace in such a way that 

TrR ~k A = °- (3 ' 48) 

Let 

property ( |3.48|) implies the following recursive relations 

n+l 



E 5 ijJh n ..j a -xj s+ i...jn + i = ( s + n )£ + r ( 3 - 49 ) 



■,n+2 

u ijs 1 j 1 ...j 3 - 1 j s+1 ...j n+1 — l*'-T'"< / Mj ; 
s=l 

Therefore, I s,n = for odd n, while for even n I s,n is defined from eqs. (|3.49|) , for example, I^ 2 = ^5ijl s '°. 
Therefore, it is sufficient to define integrals 

r s,0 



J s ' u = J dku^ s . (3.50) 

Let us use the approach based on the dimensional regularization [49], . It is based on considering 
integrals ( |3.50|) at arbitrary dimensionality of space-time. Expression (|3.50|) appears to be a meromor- 
phic function of d. Substracting the poles corresponding to sufficiently small positive integer values of 
d, we obtain a finite expression. 

Formally, one has 

J daa^ 2 - 1 J dk< '" k - — i-i 



r(s/2) Jo J r(s/2) m s - d ' 

If = —N is a nonpositive integer number, one should modify the definition of I s ' . Change d — > d—2e. 
One finds: 

7-s,0 _ 7r d / 2 r(l+ £ )(7rm 2 )- £ 
1 r(s/2)m a - d (_JV+e)...(-l+e)e 

- rwZ-^ie C 1 + e(-M™ 2 ) + r(l) + 1 + - + iV- 1 )) + 0(e). 

In the MS* renormalization scheme ||50| , one should omit the term 0(s~ r ). There is also an MS 
renormalization scheme in which one omits also a fixed term of order 0(1). Let us omit the term 
—ln{itm 2 ) + r'(l). We obtain the following renormalized value of the integral: 

d/2 (_-,\N 

I s ' = 1 l) (l+ +1/N) 

ren T{s/2)m s - d N\ + - + 

provided that N = is a nonnegative integer number. 

Therefore, we have defined the renormalized trace of an asymptotic expansion of a Weyl symbol by 
formaula ( |3.46| ), provided that the coefficient functions are polynomials in k/uv 

Let us investigate properties of the renormalized trace. Some properties are direct corollaries of 
definition (|3.46|) . 

Lemma 3.7. The following properties are satisfied: 
(i)Tr R (A + \B) = 0; 
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(*) Tr Rm = °; Tr RiA 



0; 



Tt r A. 



(ii) Let E — linin^oo A n = A. Then lim^oo Tr R A n 
(iv) Let degA > d. Then Tr R A = TrA. 

Corollary. The property AP9 is satisfied. 

Let us check that Tr R (A * B_ — B_* A) = 0. First of all, prove the following statement. 
Lemma 3.8. Tr R A *B = Tr R AB. 
Proof. Making use of eq.(|A.4j), we find 



(A*B){x,k)-(AB){x,k) = 
/ dpi %lp dy2 Jo da£[A(x + y i; k + af )B(x + y 2 , k 2 - «f )] e -™~™ 



-| / dpid g?r/ ya Jo' da [^(x + y i; k + af )^S(x + y 2 , k 2 - af 
^A(x + y i; k + af )^5(x + y 2 , k 2 



a 



pi 



-«piyi-«P2y2 



dC'(x,k) 



with 



_d_ 

' dx l 



A(x + y i; k + af)| r B(x + y 2 , k 2 - af )- 



One also has 



B(x + y 2 , k 2 - a£A(x + y i; k + af )f 

i 0# 



2 ' dx l y 1 ^ z ' z "2 

jpiyi-«P2y2 



A* B — AB = - 



2 9Jfc? 



with 



&(JC, k) — S«i^2>0;/i+i2=s Wij^bilJi+fe+l 



dh+hB 



•h+hA 



h+h B 



t) 



dk i i...dk H id x n...dx Jll 2 d xl dm ...dk n 2 fan ...dx H i 

dh+hA 



dkh...dk J hdx i i...dx H i dxi dk i i...dk H id x n...dx n 2 ' 



Analogously to Appendix C, one finds that (C- 7 , &) = CP is an asymptotic expansion of a Weyl symbol. 
It follows from lemma 3.7 that Tr R ^- = 0. We obtain statement of lemma 3.8. 

Lemma 3.9. For degB_ > 2, Tr R x k Uk * B = Tr R x k UkB_ and Tr R uJk * B_ = Tr R UkB_. 

The proof is analogous. 

Corollary 1. The following relations are satisfied: 

1. Tr R (A*B-B*A) = 0; 

2. Tr R \x k uj^ *B-B* x k u- k ) = 0; 

3. TrJuit *B-B*lu ]i ) = 0. 



Corollary 2. Property ( \3. 3$) is satisfied. 

Thus, we have constructed functionals Tr R x k T = Tr R x k T_ and Tr R T = Tr R T_ such that properties 
and P6'(b) are satisfied. 

Note that the "finite renormalization" [EH] can be also be made. One can add quantities ATr R x k T 



and ATr R T to renormalized traces in such a way that 



6£ATr R £ = 0; 5™ATr R T = 0; 



SfATr R x k T = -5 kl ATr R Y] 5§ATr R x k T = S kl ATr R x m T - 5 mk ATr R xT; 

5fATr R x k t - 5^ATr R x l t = 0; 
5fATr R t - S H ATr R x l t = 0. 

This corresponds to the possibility of adding the finite one-loop counterterm to the Lagrangian. 



4 Semiclassical field 



An important feature of QFT is a notion of field. In this section we introduce the notion of a semiclassical 
field and check its Poincare invariance. 
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4.1 Definition of semiclassical field 



First of all, introduce the notion of a semiclassical field </>(x, t : X) in the functional Schrodinger 
representation. At t = 0, this is the operator of multiplication by 0(x). For arbitrary t, one has 

0(x,t : X) = C/_ t (X <- utX)<f>{^)U t {utX <- X), 

where U t {u t X <— X) is the operator transforming the initial condition for the Cauchy problem for 
eq. Ql.6D to the solution to the Cauchy problem. 

The field operator in the Fock representation is related with <p by the transformation Q2.1|) , 

0(x,t:X) = \/ x 1 0(x,t:X)Vx. 



Making use of eq. (|3.15| ), one finds 



(x,t : X) = (^(X))- 1 0(x,^X)f/* / (X) 



(4.1; 



Here 0(x : X) = i(T-^ 2 (A + - A"))(x), while 

C/|,(X) = C/ a)A ( Wa)A X^X), 



A = 1, a = 0, a 



-t. 



Let us define mathematically as an operator distribution. 

Let S(R, d ) be a space of complex smooth functions u : R d — > C such that 



it 



^Ql-f...+«j 

max sup (1 + |x|) m |- tt(x) 

ai+...+a d <« x£ R d v 1 |; l dx a K..dx a d v y 



0. 



We say that the sequence {uk} G 5 , (R"), = 1, oo tends to zero if ||wfc||z, m -^fc^oo for all l,m. 
Denote V = G F\\\A + TA~^\\ < oo} (cf. @). 

Definition 4.1. (cf. ||20| ). 1. ^4n operator distribution <fi defined on V E F is a linear mapping 
taking functions f E 5'(R a! ) to the linear operator <p[f] : V — > JF ; 

: / G S(R d ) ^ ;V —> T , 

such that \\<j)[fn]®\\ -»n->oo i// n -»„->oo 0. 

y4 sequence of operator distributions <p n is called convergent to the operator distribtion <fi if 



Un[m-<i>[m\ 







for allQEV, f G S(R d ) 
We will write 



Consider the mapping / 



4>[f) = |rfx0(x)/(x), x G R d . 
&t{/}, / G S'(R d ) of the form 

= / dx0(x,t:X)/(x). 



It follows from the results of [48| that 4>t is an operator distribution being continous with respect to 



t. 



Consider the mapping / i— > (f)[f], f G S^R^ 1 ) of the form 



<P[f:X}= J dtMK,t) : X}. 
Analogously, note also that (ft is an operator distribution. 
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4.2 Poincare invariance of the semiclassical field 
4.2.1 Algebraic properties 

To check the property of Poincare invariance, notice that it is sufficient to check it for partial cases: 
spatial translations, rotations, evolution, boost, since any Poincare transformation can be presented 
as a composition of these transformations. Let <7b(t) = (a(r),A(r)) be a one-parametric subgroup 
of Poincare group corresponding to the element B of the Poincare algebra. The Poincare invariance 
property can be rewritten as 



: X] = {Ul{X))+cj)[v gB{T) f : U gB{r) X]U B [X], (4.2) 
where 



■J 9BiT) f)(x)=f(A- 1 (r)(x-a(r))). 



Obviously, v gi v g2 = v gig2 . 



Let us check relation (O). It is convenient to reduce the group property to an algebraic property. 
The formal derivative with respect to r of the right-hand side of eq. (|4.2| ) is 

{Ul{X)Y{i[H{B : u 9B{T) X);4>[v gB{T) f : u 9b{t) X]] + ^[v aa(r) f : u gBir) X]}U B (X) (4.3) 

If the quantity ( |4.3|) vanishes, the property ( |4.2j ) will be satisfied since it is obeyed at r = 0. Making use 
of the group property gB( T + $ r ) = 9b(St)9b(t), we find that vanishing of expression (|4.3|) is equivalent 
to the property: 

^|r=o* jB (r)/ : u 9B{T) X] - i[<j>[f : X}; H(B : X)] = 0. (4.4) 

We obtain the following lemma. 

Lemma 4.1. Let the bilinear form ( \4-4 ) vanish on T>. Then the property (JJt) is satisfied on T>. 
Proof. Consider the matrix element 

X T = {UimVuttv^vf : u gB(T) X]U B (X)* 2 ) - : X]* 2 ), 

where ^1,^2 £ D. Show it to be differentiate with respect to r. Let us check that for \l/ e T>, the 
vector (j>[vg B {j)f '■ u gB ( T )X]^! is strongly continously different iable with respect to r. 
One has: 

— ; Z Jr V 9_b(t)J ■ U gB ( T+ Sr)^\^ + 



5t 

It follows from gSJ that the first term tends to 4 > [§i\t=o v g B (t) v g B (T)f : u gB ( T )X]ty , while the second term 
tends to 8[B]^[v gB ^)f : m 9b(t) X]$. 
Notice that 

= (<P[v 9B (r + 5r)f : U gB{T+ST) X]U B +S ^X)^ U « 6T ^- U H 2 ) 

+(^(X)* i; (0K fl(T+5T) / : « 9B ( T+5r) X] - 0K fl(T) / : %b(t) X])^(X)* 2 ) 
+((^(X) - U B {X))^ l]( l>[v gB{T) f : %fl(T) X]C/S(X)* 2 ). 



This quantity tends as 5r — > to the matrix element of the bilinear form (|4.3j ) and vanishes under 
condition Q4.4Q . Lemma 4.1 is proved. 
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4.2.2 Check of invariance 



One should check property fl4.2|) for spatial translations and rotations, evolution and boost transforma- 
tions. 

For spatial translations and rotations, property (|4.2|) reads: 



0(x, t:X) = Unl L 0(^x + a, t : u ^ L X)U ^ L (4.5) 



It follows from commutativity of Uo, a ,L and U t and table 3 that property Q4.5Q is satisfied. 
For evolution operator, property ( [4.2|) is rewritten as: 



0(x, t:X) = (C/^(X))- 1 0(x, * - r : « r X)f^(X) (4.6) 

Relation (|4.6|) is a direct corollary of definition (|4.1| ) and group property for evolution operators. 
Consider now the n-boost transformation. Check property ( |4.4| ). It can be presented as 

[B k ; 0(x, t; X)} = -*(x fc - + *^)&x, t : X) 

or 

[B k (X); (t^(X))"V(x : VO^PO] + **|{(^ W)" V(x : u t X)U H {X)} = . ?) 

-i^i +^)(^W)"V(x : n t X)^(X) ^ 
Let us make use of the property 

^(X)5 fc (X) = z(<W)(X) + [B\u t X) - tP k (u t X)]U H (X). (4.8) 

which can be checked by multiplication by ([/^(X)) -1 and differentiation with respect to t in a weak 
sense (cf. [@). We take relation ( (4.7[) to the form 

[J3*(Y) - P fe (r)t; 0(x : F)] = x fc [#(y); 0(x : Y)] - it ^^ Y \ 
where Y = UtX. The property 

is a corollary of relation (|3.22| ). The relation 

[B k {Y) - x k H(Y);<P(x : Y)] = 
is also checked by direct calculation. 



Thus, we have obtained that the invariance property (|2.5|) is satisfied. 



5 Remarks on composed semiclassical states 

In the soliton quantization theory and in gauge field theories, the zero-mode problem arises @. To 
resolve it, one can consider the superposition of the "elementary" quantum field semiclassical states 
(O) of the form (cf.Bf 



= J ^ e H«*) e *n(^WVA-.(a^) ]p(aj v(0 _ !M } (51) 

where a e R fc , S'(a), n(a; x), $(a; x) are smooth functions. Calculate (formally) the functional integral 

for (ip,ip): 

frM) = /f^/ J D^e-^ s ( Q )e-^ n ( Q;x )^ x ) v/I -*( a ' x ^*(a,^(-) - ^) 

e iS( 7 ) e in( 7 ;x)[ 1(: >(x)v / A-*(7,x)]^( 7) _ gOM ) 
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After substitution 7 = a + V%3, </?(') = ^jr- + 0(0 we obtain as A — > 0: 



The condition 



, V , .'Ili...x> ''")>!- X: ,N- (5-2) 

/iW(a,0(O)e tAj (_ ^* (x)__ ^ 7 ^W, <£(•)) 



9S - ^xn(a,x)^ (5.3) 



<9a s 7 <9a fi 



should be satisfied. Otherwise, the integral ( p.2| ) will be exponentially small as A — > 0, so that state 
HI) will be trivial. Under condition (|5.3| ), one has 

^a^o / dad/? / D<f>g*{a,(j){-))e Plj d ^^r^ x > ssrxmsigfa </>(•)) (5.4) 



To specify the composed semiclassical state in the functional representation, one should: 

(i) specify the smooth functions (S(a), IT(a, x), $(a, x)) = X(a) obeying eq. (|5.3|) (determine the 
fc-dimensional isotropic manifold in the extended phase space X); 

(ii) specify the a-dependent functional g(a,<p(-)). 

The inner product of composed semiclassical states is given by expression ( |5.4|) . 
Since the inner product ( |5.4| ) may vanish for nonzero g, one should factorize the space of composed 
semiclassical states. Such functionals g that obey the property 

on*/ *(n^#M - 4o )ls(a ' = (5 - 5) 

should be set to be equal to zero, g ~ 0. 

One can define the Poincare tarnsformation of the composed semiclassical state as follows. The 
transformation of {S(a), II(a, •), $(«, •)) * s u a,A{S(a), U(a, •), $(«, •))• The transformation of g(a, 4>(-)) 
is 

U aA (u aA (S,U,^) <- (5,n,$))(/(a,0(O). 

One should check that the inner product entering to eq.( |5.5| ) is invariant under Poincare transformations. 
This will also imply that equivalent states are taken to equivalent. 

Since the functional Schrodinger representation is not well-defined, let us consider the Fock rep- 
resentation. One should then specify the a-dependent Fock vector Y(a) = V~ 1 g(a,-) instead of the 
a-dependent functional g(a, </>(•). Making use of formulas Q2.1|) , we find that the inner product (|5.4j) 
takes the form 

((f(-)) ' (yy*))) = / rfa ^( y ( a )' eA/dx(Bs(a,x ^^ ( 5 - 6 ) 

where 

5.(a,.)=r 7 (*^ ^T), (5-7) 

f = f($(a, •), Il(a, •)), 72. = 7£($(a, •), n(a, •)). If the isotropic manifold ($(a, •), IT(a, •)) is non- 
degenerate, the functions B s (a,x) are linearly independent. 

The Poincare transformation of the composed semiclassical state 

f{X(a)} 
{ Y(a) 

is 

{u aA X(a)} 
U aA (u aA X(a) <- X(a))Y(a) 
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Consider the quantity 



(B s , Bl ) - (B h B s ) = ( « ), (K* - 7t)f-g) - (g, (£• - T^g) = 

i f (f x /' ^( Q . ]C ) 9n(g,x) _ d$(a,x) dn(a,x) \ 
J \ dai da s da 3 <9ct; / 

Differentiating (|5.3|) with respect to ai, we obtain that quantity (|5.8| ) vanishes. Thus, operators 
(3 S J dx(B s (a, x)A + (x) — _B*(a, x)A~(x)) commute each other. 

It follows from the resulats of ||8| that the inner product (|5.7|) is correctly defined, while Poincare 
transformations of composed semcialssical states satisfy the group property and conserve the inner 
product ( |5.7|) . 



6 Conclusions 

In this paper a notion of a semiclassical state is introduced. "Elementary" semiclassical state are 
specified by a set (X, of classical field configuration X (point on the infinite-dimensional manifold 
X, see section 2 and subsection 3.2) and element \& of the space T ' . Set of all "elementary" semiclassical 
states may be viewed as a semiclassical bundle. 

The physical meaning of classical field X is evident. Discuss the role of In the soliton quantization 
language [[I], U \I> specifies whether the quantum soliton is in the ground or excited state. For the 



Gaussian approach JTj, [15|, |16|, |T7|, ^ specifies the form of the Gaussian functional, while for QFT in 
the strong external classical field || 0] \I/ is a state of a quantum field in the classical background. 

The "composed" semiclassical states have been also introduced (section 5). They can be viewed 
as superpositions of "elementary" semiclassical states and are specified by the functions (X(r), \&(r)) 
defined on some domain of R fc with values on the semiclassical bundle. 

Not arbitrary superposition of elementary semiclassical states is nontrivial. The isotropic condition 
should be satisfied. Moreover, the inner product of the "composed" semiclassical states (eq. (|5.6D) 



is degenerate, so that there is a "gauge freedom" (|5.5|) in specifying composed semiclassical states. 



The composed semiclassical states are used |3"6J in soliton quantization, since there are translation 



zero modes and solitons can be shifted. They are useful if there are conserved integrals of motion like 
charges. The correspondence between composed and elementary semiclassical states in QFT resembles 
the relationship between WKB and wave packet approximations in quantum mechanics. 

An important feature of QFT is the property of Poincare invariance. In this paper an explicit check 
of this property is presented for semiclassical QFT. The Poincare transformations of elementary and 
composed semiclassical states have been constructed as follows. First, the simplest Poincare transfor- 
mations like spatial translations and rotations, evolution and boost are considered. The infinitesimal 
transformations are investigated, the Lie algebraic commutation relations have been checked and the 
group properties have been justified. 

For the "composed" states, conservation of the degenerate inner product and isotropic condition 
under Poincare transformation have been checked. 

An important feature of QFT is a notion of field. In this paper this notion is introduced for 
semiclassical QFT. The property of Poincare invariance of semiclassical field is checked. 

This work was supported by the Russian Foundation for Basic Research, projects 99-01-01198 and 
01-01-06251. 



A Weyl calculus 

The purpose of this appendix is to investigate some properties of Weyl symbols of operators which are 
useful in justification of properties P1-P6. 
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A.l Definition of Weyl symbol 



Firs of all, remind the definition of Weyl symbol of operator (see, for example, f34|, Let 
A(x,k), x,k E H d be a classical observable depending on coordinates x = (xx,...,Xd) and momenta 
k = (hi, k d ). To specify the corresponding quantum observable A (to "quantize" the observable A), 
one should present it as a superposition of exponents, 

A(x,k) = J dad(3A{a,(3)e iak+i ^ x 

and set 

A = J dadpA(a,P)e iak+i/3£ 
Applying the formula for inverse Fourier transformation, we find 

(Af)(x) = J *^A(x + Z. lP )e**f{x + a ). (A.l) 

We denote the operator A of the form (|A~T| ) as A = W(A). We will also write A = W(A) if A = W(A). 

Definition A.l. The operator W(A) is called a Weyl quantization of the function A. The function 
W(A) is called as a Weyl symbol of the operator A. 



A. 2 Some calsses of Weyl symbols 

A. 2.1 Classes An and Bn 

For investigations of QFT ultraviolet divergences, we are interested in behavior of Weyl symbols of 
operators at large values of momenta. Let us introduce some important spaces. Let cu k = \Jk 2 + m 2 for 
some m. 

Definition A. 2. 1. We say that a smooth function A(x,k) is of the class Bn if and only if the 
functions 

d s A 

U " +S w^w° (A2) 

are bounded for all s, i\,...,i s . 

2. Let A n G Bn, n = 1, oo ; A e Bn- We say that Bn — lim n ^oo A n = A if and only if 

v N+ s d s (A n — A) 

hm maxco> t T — — — — = 

n^oo k ,x k dk l K..dk l ° 

for all s, ii, i s . 

3. We say that a function A e Bn is of the class An if and only if 

d d 
Xj,...Xj R — A G On 

JH dx si dx sp 

for all R, P, jx,...,j R , s u ...,s P . 

4- Let A n G An, A G An- We say that An — Urnn-^ooAn = A if and only if 

d d 

B N - lim x h ...x jR - — (A n - A) = 

n^oo dx Sl dx sp 

for all R, P, jx, ...,j R , s u ...,s P . 

Let us investigate some properties of introduced classes An and Bn- 
Lemma A.l. 1. A n +r C A, B n+ r C B for R>0. 

2. Let An+r — lim^oo A n = A and R > 0. Then An — lim^oo A n = A. 

3. Let Bn+r — lim^oo A n = A and R > 0. Then Bn — lim^oo A n = A. 
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The proof is obvious: it is sufficient to notice that tu k R is a bounded function. 

Lemma A. 2. 1. Let A G B N - Then G B N+1 . 
2. Let A G An- Then XiA G .4.^, G An, £ *4iv+i; f{ x )A G *4jv for smooth bounded function 
/(•'•)• 

5. Le£ Sat - lim^oo A n = A. Then B N +i - lining ^-A n = ^-A. 

4. Let A N - ]im n _ too A n = A. Then A N - lim^^ XiA n = x { A, A N - lim^^ ^ = j^-, 
An+i — linin^oo -§^.A n = -^-A, An — lim^oo f(x)A n = f(x)A for smooth bounded function f(x). 

The proof is also obvious. 

Lemma A. 3. Let A\ G Bn 1} A 2 G Bn 2 - Then A\A 2 G Bn±+n 2 - 
Proof. It is sufficient to check that the expression 

is bounded. This statement is a corollary of properties A\ G Bn 1 , A 2 G Bn 2 and formula 

Lemma A. 3 is proved. 

Lemma A. 4. The following properties are satisfied: k$ G £Li ; uj k G B_ a . 

Proof. Since \ki/uJk\ < 1, we obtain the property ki G B_\. For the function uj%, one has 

° ° u% = u>p>(kt/u k ) (A3) 



dk^ dk 



where V is a polynomial in ki/oj k - Property (|A.3| ) is checked by induction. Therefore, functions (|A.2j) 
are bounded for N = 1. Lemma A. 4 is proved. 
Lemma A. 5. 1. Let A G Bn- Then 

dA 

kiA g B N -i, ^k a A G B N+a , — G B N +v 



2. Let A G An- Then 



Ok 



dA 



hA G A N -u u k a A G A N+a , — G A N +i- 

Proof. Property 1 is a corollary of lemmas A. 2 and A. 4. Property 1 implies property 2. Lemma is 
proved. 

Lemma A. 6. 1. Let Bn — lim^oo A n = A. Then 

dA dA 

Bn-x — lim kiA n = k^A, B N+a — lim cu k a A n = co k a A, B N +i — lim 



dki dki 



2. Let An — lim^oo A n = A. Then 



dA dA 

An-i — lim kiA n = k^A, An+ — hm toZ a A n = toZ a A, An+i — hni 



rwoo Qfc. Qfc. 



The proof is analogous to the proof of lemma A. 3. 
Lemma A. 7. 1. Let A\ G An 1} A 2 G An 2 - Then A 1 A 2 G An 1 +n 2 - 
2. Let A Nl - lim^oo A 1>n = A x , A N2 - lim^^ 4 2jn = A 2 . Then A Nl+N2 - lining A hn A 2>n = A X A 2 . 
The proof is analogous to lemma A. 3. 
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A. 2. 2 Properties of operators and symbols 



Lemma A. 8. 1. Let A 6 Aq. Then the operator W(A) (\A.J\) is bounded. 



2. Let Ao - limn^oo A n = 0. Then lim^^ \\W(A n )\ \ = 0. 

Proof (cf. Let us obtain an estimation for the norm ||A||. One has 



A= I df3e i(3£ I dae ia{k+ P /2) A{a,(3). 
The estimation || J d(3F((3)\ \ < J df3\ \F(J3) \ | implies 

Mil < fd/3\\ [ dae ia{k+ ^ /2) A{a,(3). 



However, for operator F(k) one has ||.F(fc)|| = sup fc ||F(fc)||, since in the momentum representation 
F(k) is the operator of multiplication be F(k). Therefore, 



Jdae ia ( k+ WA(a,(3)\ \ = max fc \ f dae ia ( k+ W A(a, (3)\ = max fc \ f dae iak A(a, f3)\ 
max, | / jffpAfa k)e-^\ = max fe | / (2 , )d g +1)JV e~^(x 2 + 1) N (-A X + l) N A(x, k)\. 

Here N is an arbitrary number such that iV > d/2. Thus 



The first statement is judtified. Proof of the second statement is analogous. Lemma A. 8 is proved. 

Lemma A.9.1. Let A G An, N > d/2. Then W(A) is a Hilbert- Schmidt operator. 
2. LetA N -\im n ^ oo A n = 0,N>d/2. Then lim^ ||W(A n )|| 2 = 0. 

Proof. Let us use the property |53L ^TJ 



whcih can be obtained from definition (|A.l ). One has 



The first statement is justified. Proof of the second statement is analogous. Lemma A. 9 is proved. 

A. 3 Properties of *-product 

Remind that the Weyl sumbol of the product of operators 

A * B = W(W(A)W(B)) 

can be presented as [|34], [51 

{A # B){Xi k) = j dM^^ A{x + ^ k + + ^ k _ ^ )e .^. tM2 {AA) 

Formula (|A.4j) can be obtained from definition (|A.1|) . 

Let us investigate some properties of formula ( |A.4j ). Let us find an expansion of formula ( |A.4| ) as 
\k\ — > oo. Formally, one has 

iLit J. i 02 \ — S^oo l d n 2A(x+£i,k) nix o*na. 

A\X ~r Cjlj ™> ~r 2 ) ~ ^n 2 =0 2™2n 2 \ dkn dk ln 2 " 2 "•^ 2 ' 

£J^-|-^2, « —J - 2^ni=0 2"ini! dkh ...dk in l ^ "^l ' 
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Therefore, 

(A * RVr k\ - V°° f d§id§2d4id§2 p -i/3ib -iff?** d n ^A(x+^,k) R h rfn 2 

ys± * r>)\x, h) — 2^mn 2 =0 2™i+™2 ni ! n2 ! J (2tt) m e d k h dk ln 2 Pi —Pi / 4 r \ 

s ^ 9 n ig(x+g 2 ,fc) 031 /3J«i _ y-oo i"i-"2 9"i+ n 2A(a;,fc) g"i+"2_g(^fc) ^"-V 



Denote 



x ^ i ni ~ n2 d m+n2 A(x, k) d ni+n2 B(x, k) 

(A * B)(x, k) — 



n ri> , () K 2 n i+ n 2 ni !n 2 ! dk i K..dk in 2dx^...dx^i dx^...dx in ^dk^..M^ 

This is an asymptotic expansion in l/|fc| as \k\ — > 00. Let us estimate an accuracy of the asymptotic 
series. 

Making use of the relation 

02 f 1 d 0i 

A(x + ti,k + ^-)- A(x + k) = / d(a 2 - l)-^—A(x + £i,k + a 2 ^r) 
I Jo oa.2 2 

and integrating by parts N 2 times, we find 



A\X ~r cji, K -f- —) 2^n 2 =0 dk n...dk l ™2 Pi —Pi 

I f 1 ^ (1-^2)^ 9 JV 2+ 1 A( 3; +g 1 ,fc+«2^) ^ 1 ^iV 2 + l 

+ Jo ««2 2^2+1^, SJfc ii... afc 'iv 2 +i P2 •••P2 



Analogously, 



Therefore, 



+ £ 2 , fc - — j - ^ ni=0 rini! dkn ...dk^i Pi -Pi 

1 rij„ (izgiTiBf! a^i+^^+^.fc-Qi^) oh rfN 1+ i 

-^J u «l 2^1+^1! dfc i i...dfc ijv i+ 1 Pi ■■■Pi 

JVi y^AT 2 j"i-"2 a"l+ n 2A(a:,fc) 3"l+"2B(i,j;) 



(A * B)(x, k) En 1= En 2 = !! 9 2, m !,m! ( )/,m..../;/ «ji). r a, .<),,-'" 1. <•>.,-< J ...<>.,'" 2 r;/,- /1 .. .;)/,-"'.!. 

+ 1 

with the following remaining terms, 



2^ni=0 'niAf 2 2^n 2 =0 ' Nm 2 rl N 1 N 2 



(1) r dfa^hdjidb p-ifS^i-ifob f 1 ^ (l-«2) Af 2 9 JV 2+iA(a:+a,fc+a 2 ^) ^ ^jv 2 +i 

'ni7V 2 — J (27r) M C JO uu 2 2 W2+iJV 2 ! dfcn 9fc lJV 2+i ^ 2 "'^ 2 

(-l)"l 3"lg(x+gi,fc) ,33l 
A 2"ini! dkn...dk jn i 1 1 1 ' 

(2) f d§ 1 d§ 2 d^ 2 --ifrfr-i/hh rl J n (-1)^1+1 c^i+^Qr+ga ,fc-ai 4f ) ^ ^3iv 1+ i 

r Nw2 - J (27r)2d e Jo aa l 2 N i + 1 N 1 \ 9k n dk ^ l+ l Pi —Pi 

1 d n 2B(x+&,k) oh nin 2 _ 
2™2n 2 ! dkn...dk tn 2 ^1 i 

d _ r dPidfodtidb r -i3i£i-i8?.h ?1 A n (1-« 2 ) JV 2 9 JV 2+iA(x+gi,fc+a 2 ^) m t ^iv 2 +i 
^i7V 2 - J (o^)2d e Jo ««2 siVa+i^, — 9 ^n 2+ i Pi —P2 

x Jo a«i 2^1+1^! dk>i...dk j »i+i ^ • 

Let us investigate the remaining terms. 

A. 3.1 The /^-independent case 

Definition A. 3. We say that the function f(x), x G R d is of the class C if f is a smooth function such 
that for each set ...,ii) there exists m > such that the function 

Ql 

^ + X) m dx*K..dx« f 

is bounded. 
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Let A = f(x),f G C. Then the only nontrivial term is rj^ which is taken by integrating by parts 
to the form 

§i 

(-) 



r iViO 



Let us prove some auxiliary statements. 

Lemma A. 10. For some constent A\ the estimation 



uj k < AiujpUJk-p (-4-7) 



is satisfied. 

Proof. Let p = (| + a)k + p±, a G R, p± _L k. Then 



UJk ^ Uk — ft 7 \ 

< = /(«, k), 



UpLOk-p W(l/2+a)fc^(l/2-a)fc 

so that it is sufficient to check estimation ( |A.7| ) for p = ak only. For the function 1/f 2 , one has 

1 1 [(I + c ,)2 A; 2 +m 2 ][( I_ a) 2 A; 2 + m 2 ]> 



f 2 (a,k) k 2 + m 2Ly 2 ' ny 2 
It has the following minimal value 

f (fc 2 /4+m 2 ) 2 . 2 < 4 2 Q 

1 _ I k 2 +m 2 ' ' « — U. / a q\ 

^ fe 2 +m 2 , ft > 4m , « - V 4 fc 2 • 

The quantity (|A.8 ) is bounded below. Thus, lemma is proved. 
Corollary. For < 7 < 1, 

Uk < A v 

Lemma A. 11. Let C G An, X G C ; ip G C[0, 1] . T/ien for 

F(x, k) = f Q da V {a) J ^Le'^xix + t)C{z, k - (A9) 



the function F is bounded. 
Proof. Inserting the identity 



rj2 

e -W = (£ 2 + + l) L i e -W (A10) 

and integrating by parts, we obtain that 

F(x, *) = / / m^e-^,, + (l - " C(. I; k-f). 

For the function tu^ F, one has 



u$F = Jo 1 d*<p{a) f g X (x + 



(2^ ( 5 2 + i)^ e 2 W2 ^ 1 4a ? 2 ■ »v ^ (An: 

4 a*: 2 



X 1 1 4 flfc2 \ ' 2 ; 
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Choose L 2 to be such a number that L2 + N is integer, L 2 > d. The property x G C implies that there 
exists such K that 



- X (x + = ((a + + l) /N ./;,.-,..-..('' + 0, m = 0, 



where f m ,h...i m are bounded functions. Choose Li to be integer and L x > ^y^. Integrating expression 
([A. 11|) by parts, making use of corollary of lemma A. 10 and property C G An, we obtain that F is 



a bounded function. Lemma A. 11 is proved. 

Lemma A. 12. Under conditions of lemma A. 11 F G An- 
Proof. It is sufficient to consider the functions 



8 1 8 8 

8Ki x ...OKi I 8x Sl 8x Sp 



which are expressed via linear combinations of integrals of the type ( |A.9|) . Lemma A. 12 is a corollary 
of lemma A. 11. 

Lemma A. 13. Let An — lim^oo C n = C, x G C, <p G C[0.1]. Then An — lim^oo F n = F. 
The proof is analogous to lemmas A. 11 and A. 12. 
We obtain therefore the following theorem. 
Theorem A. 14. 1. Let f eC, B G A N . Then 

f*B = f*B + R K 



A 



with Rk G An+k+x- 

2. Let f eC, A N - linin-oo B n = 0. Then A n +k+i ~ hm n ^ oc (/ * B n - f * B n ) = 0. 
A. 3. 2 The x-independent case 

Let A = A(k), A G Bmi, B G Am 2 - The only nontrivial term is taken to the form: 

(D , h ,{\ ( i\ N > +1 (l-<*2) N > f dfrdfr d N ^A(k + sfi) d N ^B{x + 6; k) 

Lemma A. 15. C = C(k), C G B Kl , K x > 0, D G A K2 , up G C[0, 1]. Then for 
F(x,k)= f*da<p(a) J ^e«*C{k+^)D{x + 

the function 0J k 1+K2 F is bounded. 

Proof. Inserting the identity ( |A.10| ) and integrating by parts, we obtain that 



3m 



F(x, k) = Jo 1 da<p(a) f ^^^-e-^D^x + £ *) (l - £ 



x(-f) m at-rf-^ + ^ 



For the function oojf 1+K2 F } one has 

up +K 'F(x, k) = /„' da<p(a) J ^ —l-^. ^D(x + (,k)(-i*, + m 

(i - f &T (-'i) m mj^-C(k + f ) 



2\ 2 



"0/2 



Integrating by parts for sufficiently large L 1; L 2 , making use of lemmas A. 10, we check proposition of 
lemma A. 15. 
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Lemma A. 16. Under conditions of lemma A. 15 F G Ak 1 +k 2 - 

Lemma A.17. Let Ar 2 - lim^oo A. = D, C = C(k), C G B Kl , K x > 0, if G C[0, 1]. Then 
Ak^k 2 — lim^oo F n = F . 

The proof is analogous to lemmas A. 12 and A. 13. We obtain then the following theorem. 
Theorem A. 18. 1. Let A = A(k), A G B Ml , B e A M - 2 - Then 

A* B = A* B + FL K 

with R K G Am 1 +m 2 +k+i, provided that K + M 1 + 1 > 0. 
2. Let A = A(k), A G B Ml , A M2 - lim^^ B n = B. Then 

K 

A Mi +m 2 +k+i - jl^O 4 * B n - A * B n ) = 0, 

provided that K + M x + 1 > 0. 

Remark. If the proposition of theorem A. 18 is satisfied for K = K , it is satisfied for all K < K . 
Therefore, the condition K + M\ + 1 > can be omitted. 

The following lemma is a corollary of theorem A. 18. 

Lemma A.19.i. Let A G An, N > d. Then W(A) is of the trace class. 
2. Let A N - lim^^ A n — 0, N > d. Then lim n ^ oc TrW(A n ) = 0. 

Proof. Consider the operator 

B = W(B) = u N / 2 (x 2 + l) N ' 2 W{A) 

with 

B = ^ /2 *{x 2 + l) N ' 2 *A 

Since B G An/2, W(B) is a Hilbert-Schmidt operator according to lemma A. 9. Therefore, W(-A) is a 
product of two Hilbert-Schmidt operators (x 2 + 1)~ n I 2 Cj~ n I 2 and W(B). Thus, W(A) is of the trace 
class. 

One also has: 

|7V>V(A0I = \Tr(x 2 + \y N ' 2 (b- N ' 2 W{B n )\ < \\(x 2 + l)- N/2 u>- N '%\\W(B n )\\ 2 . 
Making use of lemma A. 9, we prove lemma A. 19. 



A. 3. 3 The ^Ijv-case 

Let A G Am 1 , B G Am 2 - The r-terms can be investigated as follows. 

1. We substitute Pi 2 e~^ 1 ' 2 ^ 1 - 2 = i-Sr~ e - ^ 1 ' 2 ^ 1 - 2 and integrate the expressions for r^ 2 \ R by parts 

with respect to £ 1; £ 2 - 

2. We consider the quantities like 

N1+N2+M1+M2+1+L 9 L d d 

k dfrK..dfri n " 3J dx Sl '"dx Sp 

for r = r^ 2 \ R and show them to be bounded. We use the following statement. 
Lemma A. 20. Let F G Ak x , G G Ak 2 , K 1: K 2 > 0. Then the function 



I 



is uniformly bounded with respect to a 1 ,a 2 G [0, 1]. 

This lemma is proved analogously to lemmas A. 11 and A. 15. 

3. Analogously to previous subsubsections, we prove the following theorem. 
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Theorem A. 21. 1. Let A G A Ml , B G Am 2 - Then 



A* B = A* B + R K 



with Rk G Am!+m 3 +k+i- 

2. Let A n G Ami, B n G Am 2 - Then 



A Mi +m 2 +k+i - lim (An * B n - A n * B n ) = A * B - A * B. 



A. 4 Properties of the exponent 

Let us investigate now the properties of the exponent of the operator exp W(A) = W(*exp A). It is 
convenient to consider the Fourier transformations of Weyl symbols, 

M^k)=J J ^- d e-^A( X ,k). 

Introduce the following norms for Weyl symbols, 

qj d N A 
\\A\\i k = max max|c<;{ +J — — — l m ^--lm^-F, k 1- (A. 13) 

ii ^> K j+m+nkk j,k dk h ...dk jJ )mi lmM d lni ...d lnN ^ v ; 



Lemma A. 22. A G Ai if and only if WAWi^ < oo for all k = 0, oo. 
The proof is obvious. 

Let C = A * B. Then the Fourier transformation C can be expressed via A and B as follows, 

(7( T) k) = J daA(a, k + I ^)S( 7 ~ a, k - ~). (A14) 

The following estimation is satisfied. 

Lemma A. 23. For arbitrary integer numbers K, L > d/2 there exists such a constant bx that 

\\A*B\\ 0>K < b K \\A\\ 0iK+2L \\B\\ 0jK . (A15) 



To prove estimation ( |A.15| ), one should use definition ( |A.13 ) and formula ( A. 14 ): 
(i) the derivatives d/d'jn are applied as 



^(A(a, k + 2zS)S( 7 - a, k - f )) = ^(a, k+ 
^) S ( 7 _ ajk - |) + A(a, k + ^)^% — oc,k — ~); 



(ii) the derivatives d/dkj are applied analogously; 

(iii) the multiplicators 7 m are written as a m + (j m — a m ); 

(iv) the estimations 

(lemma A. 10) are taken into account. 

(v) the integrating measure is written as 



We obtain the estimation (A. 15) 
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Consider the Weyl symbol of the exponent 

n=l 



*expAt-l = Y — (A16) 

TV. 



with A* n = A* ... * A. 

Lemma A. 24. Let A G Am,M > 0. Then the estimation ( \A.16 ) is convergent in the \ \ ■ | lo^-norm. 



The estimation \ \ * exp At — 1\\o,k < Ck is satisfied for t G [0, T] . 
Proof. One has 

II A* n \\ h n ~ l \\ AW 11 ^ 1 II AW <T h n ~ l \\ A\\ n 

\\A \\o,K S o K \\A\\ 0tK+2L \\A\\^ K < o K \\A\\ QjK+2L . 

Therefore 

1 1 1M ^ ^ 1 (t\\A\\ , K+2L b K r . e^^+^ - 1 
* exp At - 1 ,i<r < V 7 ; < r < CW 

on t G [0.T]. Lemma A. 24 is proved. 

Lemma A. 25. Let A G jl^, M > 0. Then 

co j^tm 

2, — r e ^mat- 

m=N 



Proof. One has 



oo A*m / i r i (-1 _ T )N-1 \ 

E^r=^ N T^f+jf ^^^nT^exp^r-l) (A17) 



Lemma A. 24 implies that 

,i (i_ T \N-i 

I *V^)T ( * exp - 4T " 1)eA - 

It follows from theorem A. 21 that the symbol (A. 17) is of the ^.TVAf-class. Lemma A. 25 is proved. 



Lemma A. 26. Let A n G Am, M > and Am — lim^oo A n = A. Then 

co j^*m co j^*m 

Amn ~ lim —^t- = V — r . 

n->oo ' m \ ^ m \ 

m=N m=N 



Proof. Because relation ( [A. 17]) and theorem A. 21 it is sufficient to prove that 



rl (l-t) 1 *- 1 

Ao-hm^J d V J (*expA n t-*expAt) = Q. (A. 18) 



One has 



* exp A n t — * exp At = dr * exp A(t — r) * [A n — A) * exp A n r. 

Jo 

Making use of lemma A. 23, we obtain then estimation (A. 18). 



A. 5 Estimations for the commutator 

Let A = f(x), B = g(k). To investigate the properties of the commutator K = [A; B], it is convenient 
to introduce the notion of xA;-symbol of the operator instead of Weyl symbol. For the ^-quantization, 
the operator e l P x e lOLk corresponds to the function e l ^ x e lctk . Therefore, the function 

A{x,k)= f dad(3A{a,f3)e iak+if3x 
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corresponds to the operator 

A = J dad(3A{a,f3)e il3£ e iak 
For x/c-quantization, the *-product defined from the relations C = AB, C = A*B has the form [El], 



(A * B)(x, k) = A{x, k - i—)B(y, k)\ y=x . 



d_ 

dy' 



Lemma A. 27. 1. Let A(x,k) = (pi(x)(p2(k) with bounded functions (pi, (p 2 - Then \ \A\ \ < oo. 
2. Let A e L 2 (R 2d ). Then A is a Hilbert- Schmidt operator. 

Proof. 1. One has A = <pi(x)<p2{k), \\A\ \ < \\<pi{x)\\\\<P2(k)\\ = m & x \(pi \ max \ip 2 \ < oo. 
2. One has ^ 

TrA + A = J dxdk\A(x, k)\ 2 < oo. 

The commutator K = [f(x),g(k)} has the following £&;-symbol: 

K(x, k) = [g(k) - g(k - i£)]f{x) = ELo wB^HTeJ^ 

_ ri^. q-^ AL+l d L+1 a{k-ia^) d L+i f 



Lemma A. 28. LetC(x,k) = A(k - ictd/dx)B{x). Then \\C\\ L 2 = \ \A\\ L 2\\B\\ L 2. 
Proof. Consider the Fourier transformation of the function A: 



A(k) = I c/ 7 i( 7 )e i7fc . 

One has \\A\\ L a = (2Tr) d/2 \ \A\ \ L 2 and 

C(x, k) = J rf 7 i( 7 )e i7fc e 7a ^5(x). 

Since e ia ^B(x) = B(x + yet), one has 

\\C\\ 2 L2 = /^xrf 7 ic/ 72 i*( 7 i)e- i7lfc J B*(x + 7 ia)i( 7 2)e i72fc J B(x + 72 a) 
(27r) d /rf 7 |i( 7 )| 2 /dx| J B(x + 7 a)| 2 = 11^111,11511^. 

Lemma A. 28 is proved. 

We have obtained the following important statement. 

Lemma A. 29. Let dxl f 1-^ , dki f 9 Qkin be bounded functions, m,n= 1,L, while 

d L+1 f _ r2 d L+1 g _ r2 



e L , — - * e If. 



dx h ...dx iL + 1 ' dk il ...dk iL + 1 
Then [f(x), g{k)} is a bounded operator. 

A. 6 Asymptotic expansions of Weyl symbol 

To check the property of Poincare invariance, it is important to investigate the large-fc expansion of the 
Weyl symbols. Introduce the correponding definitions. 

Definition A. 4. 1. We say that a smooth function A(x,n), x, n e H d , |n| < 1, is of the calss £ if 
the functions 

Ql QM 

- -— x h ...x u - A (A 19) 

orii 1 . . . oriij ox mi . . . ox mM 
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are bounded. 

2. Let A s G C, s — 1, oo. We say that C — Hindoo A s = if 



sup lim 

I i^-, s — >oo 
|n|<l 



d 1 



d 



M 



dn h . . . driij Xjl "' XjJ ~dx m , . . . dx r . 



-A 



-■mi ■■■^•^m M 



0. 



Definitions A. 2 and A. 4 imply the following statement. 

Lemma A. 30. 1. Let A G C. Then the function B(x, k) = A(x, k/u k ) is of the class Bq. 
2. Let C — Hindoo A s = 0. Then B — Hindoo A s (x, k/omega k ) = 0. 

Making use of definition A. 2 and lemma A. 25, we obtain the following corollary. 

Corollary. 1. Let A G C Then the function u k a A(x, k/uj k ) is of the class A a . 
2. Let C — lim s _ >00 A s = 0. Then A a — lim^oo u k a A s (x, k j omegas) = 0. 

Definition A. 5. 1. A formal asymptotic expansion is a set A of a G R and functions Aq, Ai, ... G C 
We say that the formal asymptotic expansions A = (a, A , Ai, ..) and B = (f3, B , Bi, ..) are equivalent 
if a — (3 is an integer number and Ai_ a+f3 = B\ for all I = — oo, +oo (we assume A\ — and Bi = for 
I < 0. We denote formal asymptotic expansions of Weyl symbols as 

oo 

i = 5>p- a 4,(a;, k/u k ). 

n=0 

If Aq = 0, Ai-i = 0, Ai 7^ 0, the quantity degA = a + n is called as a degree of a formal asymptotic 
expansion A. 

2. Let A s , s — l,oo and A be formal asymptotic expansions of Weyl symbols. We say that F.E — 
lim^oo A s = A if a s = a and £ - lim s ^ 00 (A Sjn - A s ) = 0. 

The summation and multiplication by numbers are obviously defined: 

oo 

A + XB = co k n - a (A n (x, ku k ) + XB n (x, k/uj k )). 
The product of formal asymptotic expansions of Weyl symbols 

oo oo 

A = J2 u k n - a A n {x, k/u k ), B = J2 < l ^B n (x, k/cu k ) 

n=0 n=0 



is defined as 



AB=Y, 



-n—a—fi 



n=0 



A s (x, k/uk)Bi(x, k/u)k). 

s,l>0;s+l=n 



Let / = f(x), feC. Then 



One also defines 



f(x)A = co k n - a f(x)A n (x, k/u k ). 

n=0 

oo 

} k P A = uj k n ~ a ~ p A n (x, k/u k ) 



n=0 



and 



dA 
dk x 



1=0 



-a-1 



dAi 

(/ + a)Ai(x,n) + — (x,n)(8 ps - n p n s ) 



\n=k/ui k 



The *-product of formal asymptotic expansions is introduced as 



^K=0 l~m l n 2 >0,n 1 +n 2 =K n ±\n 2 \2 n i +rl 2 q x h ...dx' n 2 dkh ...dk 3n i ^h = 



0^k 



-h— ai 



A h (x, k/u k ) 



y 9" 1+ " 2 v^°o ,.-<2-a 2/ 4 ( u/ 

X dxn...dx>^dk^...dk^ ^l2=0 U k Sii 2 {X,K/UJ k 



l 2 —a 2 
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The formal asymptotic expansions A*uj^, A*f(x) are defined analogously. The *-exponent of a formal 
asymptotic expansion A is defined as 

*expi-l = ]T — 

n=l "'■ 

provided that degA is a positive integer number. 

Definition A. 6. 1. An asymptotic expansion of the Weyl symbol is a set A = (A, A) of the Weyl 
symbol A and a formal asymptotic expansion A such that 

1=0 U k 



for all n — 0, oo. 

2. We say that E — lim^oo Aj_ = A if F.E — lim^oo A s = A and 

A n+« ~ J™ (M*, fc) - L ) = A ( x > k )~l^ T+ET 

1=0 U k 1=0 U k 



for all n — 0, oo. 

Remark. For given Weyl symbol A, the asymptotic expansion is not unique. For example, let 

A(x, k) = m 2 f(x)/uj k . 

One can choose a — 2, A (x,n) = m 2 f( y x) anf find A(x, k) = cu^ 2 A (x, k/u k ). On the other hand, one 
can set a — 0, A (x,n) = f(x)(l — n^i) and obtain A(x, k) = A (x, k/uj k ) since uj\ — kiki = m 2 . We 
see that a degree is a characteristic feature of an expansion rather than of a symbol. 

Let A — (A, A), B_ — (B, B). Denote A * B = (A * B, A * B), 
u%*A=(u%*A,u%*A), 
f(x)*A=(f(x)*A,f(x)*A), 
* exp A — 1 = (* exp A — 1, * exp A — 1). 

Theorems A. 14, A. 18, A. 21 and lemmas A. 25 and A. 26 imply the following statements. 

Theorem A. 31. 1. Let Abe an asymptotic expansion of a Weyl symbol. Then uj k * A and f(x) * A 
are asymptotic expansions of Weyl symbols under conditions of theorem A.14, while *expA — 1 is an 
asymptotic expansion of a Weyl symbol, provided that degA is a positive integer number. 
2. Let A and B_ be asymptotic expansions of Weyl symbols. Then A* B_ is an asymptotic expansion af 
a Weyl symbol. 

Theorem A. 32. 1. Let E - lim n _oo A n = A. Then: 

(a) E- lim„^ 00 w£ * A n u)% * A; 

(b) E — lim^oo f(x) * A n f(x) * A under conditions of theorem A.14; 

(c) E — limn — > 00 (* exp A n — 1) = *expA — 1 if degA n , degA are positive integer numbers. 
2. Let E — lim^oo A n = A and E — lim^oo B_ n = B_. Then E — lim^oo A n * B_ n = A* B_. 

The time derivative of teh asymptotic expansion A(t) with respect to t is defined in a standard way 

E lim ~ (t + St) ~ A{t) dm 
st^o St dt 

The integral J* t * 2 A(t)dt is also defined in a standard way. 
Theorem A. 32 imply the following statement. 

Theorem A. 33. 1. Let A(t) be a continously differentiable asymptotic expansion of a Weyl symbol. 
Then 

(b) 4:(f(x) * A) — f(x) * ^= under conditions of theorem A.14- 
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(c) |(* exp A - 1) = jj dre£M * f * e^; 

The only nontrivial statement is (c). It is proved by using the identity f51 

*exp Ai — * exp A 2 = dr * expM^fl — r)) * [Ax — A 2 ) * exp(A 2 r). 

Jo 
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